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Abstract
We propose an efficient scheme for generating photonic NOON states of two resonators coupled
to a four-level superconducting flux device. This proposal operates essentially by employing a
technique of a coupler device resonantly interacting with two resonators simultaneously. As a
consequence, the NOON-state preparation requires only N +1 operational steps and thus is much
faster when compared with a recent proposal [Q. P. Su et al., Scientific Reports 4, 3898 (2014)]
requiring 2N steps of operation. Moreover, due to the use of only two resonators and a device,
the experimental setup is much simplified when compared with previous proposals requiring three
resonators and two superconducting qubits/qutrits.
PACS numbers: 03.67.Lx, 42.50.Dv, 85.25.Cp
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In recent years there is considerable interest in the entangled NOON states |N0〉+ |0N〉,
which have significant applications in quantum optical lithography [1], quantum metrology
[2], precision measurement of transmons [3], and quantum information processing [4]. Based
on circuit QED [5,6], several proposals have been presented to generate the photonic NOON
states of two resonators [7-11].
The scheme in [7] requires that the pulse Rabi frequency is much smaller than the photon-
number-dependent Stark shifts induced by dispersive interaction. Thus, the operation time
needed to complete a rotation in each step is quite long. Another method was proposed [8]
and implemented in experiment for N ≤ 3 with a fidelity 0.33 for N = 3 [9]. This method
shortens the operation time due to using resonant interaction but needs a complex setup
(i.e., three resonators and two superconducting qutrits), which increases the experimental
difficulty. Moreover, two classical pulses (e.g., a double pulse) are separately applied to
the two qutrits during each step, conditional on the NOON state being prepared with N
steps. The scheme in [10] employs a complicated pulse. Similar to [8,9], this scheme requires
two auxiliary superconducting qubits initially prepared in a Bell state. As argued there,
to obtain a pure photonic NOON state, additional techniques are required to decouple the
qubits from the resonators.
Recently, Q.P.Su et al. have proposed an alternative scheme for generating the NOON
states of two resonators or cavities [11]. Compared with the previous proposals [8-10], the
experimental setup is greatly simplified because of employing one superconducting qutrit and
two resonators only. Due to using the resonant interaction, the operation can be performed
much faster when compared with the method in [7]. However, as discussed in [11], 2N steps
of operation are needed.
We here employ a four-level superconducting flux device to couple two resonators (here-
after the term cavity and resonator is used interchangeably). Different from the previous
proposals [7-11], the device is simultaneously resonant with two cavities and thus two pho-
tons can be simultaneously created each in one cavity for each of the first N − 1 operational
steps.
This scheme only requires N+1 operational steps and thus the operation is much speeded
up when compared with the recent proposal [11] requiring 2N steps. Numerical simulation
shows that a high fidelity generation of the NOON state with N ≤ 10 is feasible within
present-day circuit QED. Further, this scheme has additional advantages: (i) Because of
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FIG. 1: (color online). (a) Setup for two cavities and a superconducting flux device. Each cavity
is a one-dimensional transmission line resonator. The device is connected to the two cavities via
capacitors ci(i = 1, 2). (b) Four Levels of the device with a double potential well.
FIG. 2: (color online). Illustration of resonant interaction between the device and the cavity/pulse
during the NOON state preparation. Figures (a), (b) and (c) are for first N − 1 steps, step N , and
step N + 1, respectively. In (b), dashed lines represent the adjusted energy levels.
using only two resonators and a device, the setup is much simplified when compared with
Refs. [8-10]; (ii) Due to using resonant interaction, the operation can be performed much
faster when compared with [7]. Hence, the present scheme avoids most of the problems
existing in the previous proposals.
Consider two cavities coupled to a flux device with four levels |g〉, |e〉, |f〉, and |a〉
(Fig. 1). Initially, the device is in the state 1√
2
(|e〉+ |a〉) and each cavity in a vacuum state
|0〉. The device is initially decoupled from the two cavities, which can be achieved by a prior
adjustment of the device level spacings. Note that for a flux device, the level spacings can
be rapidly adjusted via varying external control parameters [12,13]).
Define ωeg, ωaf , ωae as the |g〉 ↔ |e〉, |f〉 ↔ |a〉 and |e〉 ↔ |a〉 transition frequencies of
the device, respectively. The frequency, initial phase, and duration of the pulse are denoted
as {ω, ϕ, t}.
To begin with, the level spacings of the device needs to be adjusted to have cavity 1 (2)
resonant with |g〉 ↔ |e〉 (|f〉 ↔ |a〉) transition [Fig. 2(a)]. The procedure for the NOON-state
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generation is described below:
Step 1: Let cavity 1 (2) resonant with the |g〉 ↔ |e〉 (|f〉 ↔ |a〉) transition [Fig. 2
(a)]. In the interaction picture (the same picture is used without mentioning hereafter),
the interaction Hamiltonian is H1 = g1(a1σ
+
eg + h.c.) + g2(a2σ
+
af + h.c.), where σ
+
eg = |e〉〈g|,
σ+af = |a〉〈f |, a1 (a2) is the photon annihilation operator for cavity 1 (2), and g1 (g2) is the
coupling strength between cavity 1 (2) and the |g〉 ↔ |e〉 (|f〉 ↔ |a〉) transition. Note that
g1 (g2) depends on the coupling capacitance c1 (c2). Thus, set g1 = g2 = g, which can in
principle be met by a prior design of the sample with appropriate c1 and c2. Under H1, the
time evolution of the states |e〉 |n〉
1
|0〉
2
and |a〉 |0〉
1
|n〉
2
is described by
|e〉 |n〉
1
|0〉
2
→ C |e〉 |n〉
1
|0〉
2
− iD |g〉 |n+ 1〉
1
|0〉
2
, (1)
|a〉 |0〉
1
|n〉
2
→ C |a〉 |0〉
1
|n〉
2
− iD |f〉 |0〉
1
|n + 1〉
2
, (2)
where C = cos(
√
n+ 1gt), D = sin(
√
n+ 1gt), subscripts 1 (2) represents cavity 1 (2), |n〉
and |n+ 1〉 are the cavity photon-number states. For simplicity, define |i〉1|j〉2 = |i〉|j〉 with
i, j ∈ {0, 1, ..., N}. Eqs. (1) and (2) show that after an interaction time t1 = pi2g (i.e., half a
Rabi oscillation), the state |e〉|0〉|0〉 changes to −i|g〉|1〉|0〉 while the state |a〉|0〉|0〉 changes
to −i|f〉|0〉|1〉. Thus, the initial state
√
2
2
(|e〉+ |a〉)|0〉|0〉 of the system evolves to
−i√
2
(|g〉|1〉|0〉+ |f〉|0〉|1〉). (3)
Now, apply a double pulse of {ωeg,−pi2 , pi2Ω} and {ωaf ,−pi2 , pi2Ω} to the device. The identical
Rabi frequency Ω of each pulse can be achieved by adjusting the pulse intensities. The
interaction Hamiltonian is given by H2 = (Ωe
ipi/2σ+eg + h.c.) + (Ωe
ipi/2σ+af + h.c.), Under the
Hamiltonian H2, the time evolution of the states |g〉 , |e〉 , and |f〉 is described by
|g〉 → cos Ωt |g〉+ sinΩt |e〉 , (4)
|e〉 → − sin Ωt |g〉+ cosΩt |e〉 , (5)
|f〉 → cos Ωt |f〉+ sin Ωt |a〉 . (6)
For Ω ≫ g, the interaction between cavities and the device can be neglected during the
pulse. Based on Eqs. (4-6), the pulse leads to |g〉 → |e〉 and |f〉 → |a〉. As a consequence,
the state (3) becomes
−i√
2
(|e〉|1〉|0〉+ |a〉|0〉|1〉). (7)
4
Step j (j = 2, 3, ..., N − 1): Repeat the operation of step 1. The time for the device
resonant with the two cavities is tj =
pi
2
√
jg
. Eqs. (1) and (2) show that after tj, the state
|e〉|j−1〉|0〉 changes to −i|g〉|j〉|0〉 and the state |a〉|0〉|j−1〉 becomes −i|f〉|0〉|j〉, which fur-
ther turn into −i|e〉|j〉|0〉 and −i|a〉|0〉|j〉 respectively, due to a double pulse of {ωeg,−pi2 , pi2Ω}
and {ωaf ,−pi2 , pi2Ω} pumping the state |g〉 back to |e〉 and the state |f〉 back to |a〉. Hence,
after step N − 1, the state (7) changes to
(−i)N−1√
2
(|g〉|N − 1〉|0〉+ |f〉|0〉|N − 1〉). (8)
Step N : Apply a pulse of {ωaf ,−pi2 , pi2Ω} to the device [Fig. 2(b)], described by H3 =
Ωeipi/2σ+af + h.c., i.e., the second term in H2. Note that the first term (Ωe
ipi/2σ+eg + h.c.) in
H2 acting on the state |f〉 or |a〉 equals to zero. Thus, under the Hamiltonian H3, the time
evolution of the state |f〉 is given by Eq. (6), which shows that after the pulse, the state |f〉
changes to |a〉. Thus, the state |f〉 |0〉 |N − 1〉 changes to |a〉 |0〉 |N − 1〉. Now, tune the level
spacing of the device so that cavity 1 is decoupled from the device but cavity 2 resonant with
the |e〉 ↔ |a〉 transition [Fig. 2(b)]. The interaction Hamiltonian is H4 = g′(a†2σ−ae + h.c.),
where σ−ae = |e〉 〈a|, g′ is the coupling constant between cavity 2 and |e〉 ↔ |a〉 transition.
The state time evolution is described by
|a〉 |0〉 |n〉 → C ′ |a〉 |0〉 |n〉 − iD′ |e〉 |0〉 |n+ 1〉 , (9)
where C ′ = cos(
√
n + 1g′t), D′ = sin(
√
n + 1g′t). According to Eq. (9), the state |a〉|0〉|N−1〉
becomes −i|e〉|0〉|N〉 after an interaction time tN = pi
2
√
Ng′
, but the state |g〉|N−1〉|0〉 remains
unchanged due to H4|g〉|N − 1〉|0〉 = 0. Thus, the state (8) evolves into
(−i)N−1√
2
(|g〉|N − 1〉|0〉 − i|e〉|0〉|N〉). (10)
Step N + 1: Tune the level spacing of the device back to Fig. 2(a) [i.e., Fig. 2(c)].
Apply a pulse of {ωeg,−pi2 , pi2Ω} to the device [Fig. 2(c)], described by the Hamiltonian H5 =
Ωeipi/2σ+eg+h.c.. It can be verified that under H5, the time evolution of the states |g〉 and |e〉
are given by Eqs. (4) and (5), which show that the transformations |g〉 → |e〉and |e〉 → −|g〉
are obtained after the pulse. Thus, the state (10) changes to
(−i)N−1√
2
(|e〉|N − 1〉|0〉+ i|g〉|0〉|N〉). (11)
5
Let cavity 1 (2) resonant with the |g〉 ↔ |e〉 (|f〉 ↔ |a〉) transition for a time tN+1 = 3pi
2
√
Ng
.
As a result, the state |e〉|N − 1〉|0〉 changes to i|g〉|N〉|0〉 according to Eq. (1), while the
state |g〉|0〉|N〉 remains unchanged due to H1|g〉|0〉|N〉 = 0. Thus, one gets
(−i)N+2√
2
|g〉(|N〉|0〉+ |0〉|N〉). (12)
To maintain the state (12), the level spacings of the device needs to be adjusted so that the
device is decoupled from the two cavities after the entire operation. Eq. (12) shows that the
two cavities are prepared in a NOON state and disentangled from the device.
The above description shows that no adjustment of the cavity frequencies is needed during
the entire operation. Similar to [11], the NOON-state generation utilizes classical pulses with
only two different frequencies, readily achieved in experiment. Moreover, no measurement
on the states of the device or the two cavities is required.
The condition g1 = g2 above is unnecessary. For the case of g1 6= g2, the last two steps
of operation remain the same but the first (N − 1)-step operations are not synchronous for
subspaces I (cavity 1, |g〉, |e〉) and subspace II (cavity 2, |f〉, |a〉). For instance, if g1 > g2, the
half Rabi oscillations for subspace I are completed earlier than those of subspace II because
tj =
pi
2
√
jg1
< pi
2
√
jg2
, thus the microwave pulses of the two subspaces should be independent
and asynchronous. As a result, the first (N − 1)-step operations on subspace I will be
completed prior to those on subspace II. Hence, after the first (N − 1)-step operations on
subspace I, one will need to adjust the level spacings of the device to have cavity 1 decoupled
from the |e〉 ↔ |g〉 transition, such that the time evolution of subspace I is avoided before
the first (N − 1)-step operations on subspace II is completed. The same reasoning applies
to the case of g2 > g1.
In what follows, we will give a discussion of the fidelity of the prepared NOON state
for N ≤ 10. As an example, we will consider g1 = 0.95g and g2 = g. The numerical
simulation is performed by following the NOON-state procedure described previously for
the homogeneous coupling constants, with the typical operation time tj (depending on g)
given there for each of the first (N − 1) steps of operation.
In a realistic situation there is an inter-cavity crosstalk between the two cavities, which
is described by ε = g12
(
ei∆ta1a
+
2 + h.c.
)
, where g12 is the coupling strength of the two
cavities and ∆ = ωa2 − ωa1 is the detuning between the two-cavity frequencies ωa1 and ωa2 .
In addition, there is the device-cavity interaction and the inter-cavity crosstalk during the
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pulses. By taking these factors into account, it is straightforward to modify the Hamiltonians
H1, H2, H3, H4, and H5 (not shown to simplify the presentation).
After considering dissipation and dephasing, the system dynamics is determined by the
master equation
dρ
dt
= −i [Hk, ρ] +
2∑
j=1
κajL [aj ]
+
∑
j=e,f,g
γajL
[
σ−aj
]
+
∑
j=f,g
γejL
[
σ−ej
]
+ γfgL
[
σ−fg
]
+
∑
j=a,e,f
γϕ,j (σjjρσjj − σjjρ/2− ρσjj/2) , (13)
whereHk (with k = 1, 2, 3, 4, 5) are the modifiedH1 toH5, L [Λ] = ΛρΛ+−Λ+Λρ/2−ρΛ+Λ/2
(with Λ = aj , σ
−
aj , σ
−
ej , σ
−
fg), σ
−
aj = |j〉 〈a| , σ−ej = |j〉 〈e| , σ−fg = |g〉 〈f | , and σjj = |j〉 〈j| ; κaj
is the decay rate of cavity j; γaj is the energy relaxation rate for the level |a〉 associated
with the decay path |a〉 → |j〉(j = e, f, g); γej is for the level |e〉 related to the decay path
|e〉 → |j〉 (j = f, g); γfg is for the level |f〉; and γϕ,j is the dephasing rate of the level |j〉
(j = a, e, f).
The fidelity of the whole operation is given by F =
√
〈ψid| ρ |ψid〉, where |ψid〉 is the ideal
output state given in Eq. (12), while ρ is the final density operator of the system (i.e., with
unwanted couplings, dissipation, and dephasing considered) after the entire operation.
For a flux device, the typical transition frequency between two neighbor levels is between 1
and 20 GHz. As an example, consider a device with frequencies νfg ∼ 2.5 GHz, νef ∼ 1GHz,
νeg ∼ 3.5 GHz, νae ∼ 4.5 GHz, and νaf ∼ 5.5 GHz. Here, νij = ωij/ (2pi). Thus, choose
cavity 1 with ωa1 ∼ 2pi× 3.5 GHz while cavity 2 with ωa2 ∼ 2pi× 5.5 GHz. Parameters used
in the numerical simulation are: (i) γ−1ϕ,f = 5 µs,γ
−1
ϕ,e = 1.5 µs, γ
−1
ϕ,a = 0.5 µs; (ii) γ
−1
fg = 10
µs, γ−1eg = γ
−1
ef = 3 µs, γ
−1
ae = γ
−1
af = γ
−1
ag = 1.5 µs [14], and (iii) κ
−1
a1
= κ−1a2 = 20 µs.
For a flux device with the four levels in Fig. 2(b), g′ is on the same order of g (or g2).
Thus, choose g′ = g for simplicity. By the numerical test for N = 6 and Ω/(2pi) = 300
MHz [15], we find that for g/ (2pi) ≤ 15 MHz [16], when g12 ≤ 0.1g, the effect of inter-cavity
crosstalk on the operation fidelity is negligible. Therefore, set g12 = 0.1g for Figs. 3 and 4
below. The condition g12 ≤ 0.1g can be met as discussed in [11].
Fig. 3 is plotted for N = 6, showing that {F ,Ω/ (2pi) , g/ (2pi)} are: (i) 0.935, 300 MHz,
4 MHz; (ii) 0.916, 200 MHz, 10.5 MHz; and (iii) 0.870, 100 MHz, 6.5 MHz. These results
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FIG. 3: (color online). Fidelity versus Ω/2pi and g/2pi. The figure was plotted for N = 6,
g12/2pi = 0.1g, g1 = 0.95g, and g2 = g.
FIG. 4: (color online). Fidelity versus N . The figure was plotted for g12/2pi = 0.1g, g1 = 0.95g,
and g2 = g.
indicate a high fidelity can be achieved for N = 6. To further see how the fidelity varies
with N > 6, Fig. 4 is plotted for N ≤ 10 and different Ω. Fig. 4 shows that for N = 10,
{F ,Ω/ (2pi) , g/ (2pi)} are: (i) 0.864, 300 MHz, 9 MHz; (ii) 0.827, 200 MHz, 7 MHz; and (iii)
0.743, 100 MHz, 4 MHz. The g values here were obtained by numerically optimizing the
coupling constants. These results indicate a high fidelity can be obtained even for N = 10.
For cavities 1 and 2 with frequencies given above and the κ−1a1 and κ
−1
a2 used in the
numerical calculation, the required quality factors for the two cavities are Q1 ∼ 4.4 × 105
and Q2 ∼ 6.9× 105, which are readily available in experiment [17]. Our analysis given here
demonstrates that high-fidelity generation of the NOON states with N ≤ 10 even for the
imperfect device is possible within the present circuit QED techniques.
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